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HOW CONNECTED IS THE INTUITIONISTIC CONTINUUM? 

DIRK VAN DALEN 

In the twenties Brouwer established the well-known continuity theorem "every 
real function is locally uniformly continuous," [3, 2, 5]. From this theorem one 
immediately concludes that the continuum is indecomposable (unzerlegbar), i.e., if 
R = AUB and Af\B = $ (denoted by R = A + B), then R = A or R = B. 

Brouwer deduced the indecomposability directly from the fan theorem (cf. the 
1927 Berline Lectures, [7, p. 49]). 

The theorem was published for the first time in [6], it was used to refute the 
principle of the excluded middle: ->Vx £ R(x £ Q V -•* e Q). 

The indecomposability of M is a peculiar feature of constructive universa, it shows 
that R is much more closely knit in constructive mathematics, than in classically 
mathematics. The classically comparable fact is the topological connectedness of R. 
In a way this characterizes the position of R: the only (classically) connected subsets 
of R are the various kinds of segments. In intuitionistic mathematics the situation 
is different; the continuum has, as it were, a syrupy nature, one cannot simply take 
away one point. In the classical continuum one can, thanks to the principle of 
the excluded third, do so. To put it picturesquely, the classical continuum is the 
frozen intuitionistic continuum. If one removes one point from the intuitionistic 
continuum, there still are all those points for which it is unknown whether or not 
they belong to the remaining part. This phenomenon is at the basis of the following 
considerations. 

Suppose we remove one point from R , i.e., consider R — {0} = {0}c = 
{x £ R\x ^ 0}; we claim that this set is still indecomposable. 

Let R - {0} = A + B . Then Vx £ R(x ^0->x£A\/x£B). 
We introduce W = {x £ R\x > 0},R' = {x £ R\x < 0}, where by definition 

x < y <-> ->x > y. Let us assume that A + B is a proper decomposition. 
Pick x £ R1 with x < 0, then x £ A or x e B, say x £ A. Now assume that 

y £ Rl with y < 0 and y £ B. Then (-00,0) = (-00,0) n A U (-00,0) D B, which 
yields a proper partitioning of (-00,0). This contradicts the indecomposability of 
R. 

So we get y < 0 -> -<y £ B, and hence y £ B -> y > 0, i.e., S C R ' . 
Now let z > 0 and suppose z £ A, then (0,00) has a proper decomposition, 

which conflicts with Brouwer's theorem. Hence z £ A —> z < 0, and thus A CR!. 
Therefore we get 

Vx £ R(x ^ 0 ^ x > 0 V x < 0 ) . 

We now make use of Kripke's Schema, which says 
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(KS) 3a G {0, l}n(3x(ax = 1) <-> tp). 

i.e., ip is found to be true if and only if a produces a 1. 
It is no restriction to assume that a takes the value 1 at most once: 

X 

Vx£aG>)<l. 
7=0 

We will call such sequences Kripke-sequences. We will apply Kripke's Schema to the 
statements c e Q and r G- Q. 

Let a and /? be Kripke sequences for r G Q and r 0 Q, i.e., 

3x(ax = 1) <-> r G Q, 3y(#y = 1) <-> r G" Q. 

p,.t / y^2*) = a M 
™ \ y(2x + l) = /?(*) 

and define c„ = { , J._k . . , ~ A , , 
(_ (-2) K \ik < n A yk = 1. 

c = (c„)„ = 0 <-> Mk yk — 0 <-> -.r G Q A —•—•/- G Q. Contradiction. So c ^ 0. 
Hence c > 0 V c < 0. 

By definition 

c > 0 <-> -3xp{x) = 1 <-> -.-.r G Q. 

and 
c < 0 <-> -<3xa(x) = 1 « -./• e Q. 

Since we have taken r to be arbitrary, we get 
W G R(-ir G Q V —i—ir G Q), which conflicts with the indecomposability of R. 
Hence the decomposition A + B could not have been proper. 
We therefore see that picking a hole in R does not make it decomposable, let 

alone disconnected in the topological sense. Note, however, that it is not the case 
that A with R - {0} C A C R is likewise indecomposable, e.g., (R - {0}) U {0} 
is decomposable (by definition of'union' or 'disjunction'). Such an A is of course 
connected in the topological sense. 

We can do still better than picking single holes in R: 

THEOREM. QC is undecomposable. 

PROOF. Put Qc = {x e R|* £ Q}, Q# = {x G R|V> G Q(x#y)}. 
Q# is called the set of positive irrationals, and we can apply the standard repre­

sentation by continued fractions to Q#: <Q># is homeomorphic to NN (Baire space, 
or the spread U of all numerical choice sequences), cf. [1]. 

Let Qc = A U Ac, then Vx G Q*(x eAVxe Ac). 
By the bar theorem there is a bar B in the spread U, such that for each node n in 

the bar we have that all choice sequences through that node belong simultaneously 
to A or to Ac. By bar induction the bars are inductively defined, so we prove our 
theorem by induction. 
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(i) The bar is the top node. Let us say that all positive irrationals are in A. We 
show that Vx G Q£(x G A). Suppose that there is an irrational in Ac, say a. 

We can find a sequence (a„) in Q# with lima„ = a. Now consider a Kripke 
sequence a for r — 0 (where r £ l ) : 

\ ak 

3x(ax — 1) <-> r — 0. 

if VA: < 7i a/fc = 0 
Define b„ — ^ .c, , , 

if k < n A ak = 1. 
If 6 = (&„)„ G Q, then we would have ->3xax = 1, hence Vxax = 0. Therefore 

b = a G Qc. Contradiction: So 6 G Qf, and hence b eAVb eAc. 
Ifb & A then 6 ^ a, so by definition -iVx ax = 0, i.e., - i - r = 0, so r = 0. 

If b G A1', then V£(Z? / a^), hence \/x(ax = 0), hence r ^ 0. 
So 7- = 0 V r ^ 0. Again we conclude Vr G E(r = 0 V r ^ 0), which contradicts 

the undecomposabihty of R. Thus a £ A, i.e., Qf = A. 
(ii) The bar B is the sum of denumerably many (sub-) bars Bt and by induction 

hypothesis each of the corresponding open segments /, (under the standard home-
omorphism) contain only irrationals in A or only irrationals in Ac. Suppose /, and 
Ij determine different parts of the decomposition, e.g., 

/,- n Q c c i A ij nQ f c AC (/ < j). 

Since for each irrational it is decidable whether it is in A or Ac, we can determine 
adjacent segments Ik and 4+i corresponding respectively to A and Ac. Now 
consider the rational number that separates Ik and Ik+\. By repeating the argument 
used for the undecomposabihty of R — {0} above, we obtain a contradiction. Hence 
Q'' = , 4 o r Q f =AC. 

This proves the theorem. -\ 

Note that the proof uses the continuity principle, bar induction and Kripke's 
schema (SC + KS, cf. [8]). It would be interesting to see which alternative prin­
ciples yield the undecomposabihty of the irrationals. The theorem is not true 
for recursive mathematics with Markov's Principle, this principle (in its general 
form) is actually equivalent to R - {0} being disconnected. Note that in recursive 
mathematics the continuum is, of course, unzerlegbar, but whether the irrationals 
are undecomposable under Church's Thesis without Markov's Principle is an open 
problem. 

In a forthcoming paper we will establish an even stronger result, i.e., all dense 
negative subsets of the continuum are "unzerlegbar," assuming Kripke's schema. 

Note that the above result rather influences intuitionistic dimension theory, e.g., 
classically one gets the one-dimensional continuum as the sum of the two obvious 
zero-dimensional subsets, the rationals and the irrationals. But intuitionistically the 
irrationals are themselves already one-dimensional. On the basis of the above men­
tioned stronger undecomposabihty result, we can even assert that the complement 
of a dense zero dimensional set is one dimensional. 

Brouwer considered in his [4] dimension only for located compact sets; it is quite 
possible that he was aware of the strange behaviour of sets such as the irrationals. 



1150 DIRK VAN DALEN 

REFERENCES 

[1] L. E. J. BROUWER, Besitzt jede reelle Zahl eine Dezimalbruchentwickelung?, Mathematische An-
nalen, vol. 83 (1921), pp. 201-210. 

[2] , Bemerkungen zum Beweise der gleichmassigen Stetigkeit voller Funktionen, Koninklijke 
Akademie van Wetenschappen Proc, vol. 27 (1924), pp. 644-646. 

[3] , Beweis dass jede voile Funktion gleichmdssig stetig ist, Koninklijke Akademie van Weten­
schappen Proc, vol. 27 (1924), pp. 189-193. 

[4] , Intuitionistische Einfiihrung des Dimensionsbegriffes, Koninklijke Akademie van Weten­
schappen Proc, vol. 29 (1926), pp. 855-863. 

[5] , Uber Definitionsbereiche von Funktionen, Mathematische Annalen, vol. 97 (1927), pp. 60-
75, English translation [9], pp. 446-463. 

[6] , Intuitionistische Betrachtungen uber den Formalismus, Sitzungsberichte der Preuszischen 
Akademie der Wissenschaften zu Berlin (1928), pp. 48-52, English translation of §1 in [9], pp. 490-492. 

[7] , lntuitionismus (D. van Dalen, editor), Bibliographisches Institut, Wissenschaftsverlag, 
Mannheim, 1992. 

[8] A. S. TROELSTRA and D. VAN DALEN, Constructivism in mathematics, I, II, North-Holland, Ams­
terdam, 1988. 

[9] J. VAN HEIJENOORT, From Frege to Godel. A source book in mathematical logic, 1879-1931, Harvard 
University Press, Cambridge, Massachusetts, 1967. 

DEPARTMENT OF PHILOSOPHY 
UTRECHT UNIVERSITY 

UTRECHT THE NETHERLANDS 

E-mail: Dirk.vanDalen@phil.ruu.nl 

mailto:Dirk.vanDalen@phil.ruu.nl

